For a connected graph, the distance spectral radius is the largest eigenvalue of its distance matrix. In this paper, of all trees with both given order and fixed diameter, the trees with the minimal distance spectral radius are completely characterized.
Introduction
We use standard terminology and notation. In a connected graph G, the distance between vertices v i and v j , denoted by d G (v i , v j ) or d(v i , v j ), is defined to be the length (i.e. the number of edges) of the shortest path from v i to v j . The distance matrix of G, denoted by D(G) = (d i,j ) n×n , is the n × n matrix with its (i, j)-entry d i,j equal to d(v i , v j ), i, j = 1, 2, . . . , n. The largest eigenvalue of D(G), denoted by ̺(G), is called the distance spectral radius of G. By the Perron-Frobenius theorem [6] , there exists a positive vector corresponding to ̺(G). We call the unit positive vector corresponding to ̺(G) the distance P erron vector of graph G.
In [1] , Balaban et al. proposed the use of distance spectral radius as a molecular descriptor, while in [3] , distance spectral radius was successfully used to infer the extent of branching and model boiling points of alkane. Therefore, the study concerning the maximum (minimum) distance spectral radius of a given class of graphs is of great interest and significance. Recently, the maximum (minimum) distance spectral radius of a given class of graphs has been studied extensively. The reader is refereed to see [4, 5] , [7] - [13] .
We now introduce some other notations. For a connected graph G, we denote by N G (v) the neighbor set and deg(v) the degree of vertex v respectively. We denote by K n , P n a complete graph, a path of order n respectively. A graph G is called nontrivial if |V (G)| ≥ 2. Otherwise, G is called trivial. The diameter of a graph is the maximum distance between any pair of vertices. In a graph, if the length of a path P is both equal to the distance between its two end vertices and the diameter of the graph, then the path P is called a D-path of this graph. The union of two simple graphs H and G is the simple graph G ∪ H with vertex set V (G) ∪ V (H) and edge set E(G) ∪ E(H).
In [11] , among all connected graphs of order n with given diameter, X. Zhang determined the graphs with the minimum distance spectral radius. In [2] and [12] , Z. Du et al. and Y. Zhang et al. investigated respectively which trees have the the minimum distance spectral radius among all trees of order n with given diameter. They only determined the trees with the minimum distance spectral radius among all trees with even diameter.
Denote by T 1 the graph obtained by attaching n − 2k (k ≥ 2) pendant edges to vertex v 1 of path Fig. 1.1) .
For the trees of order n with odd diameter d = 2k − 1, in [12] , the authors conjectured that the tree with the minimum distance spectral radius is uniquely obtained at T 1 . In this article, we give an affirmative answer for this conjecture.
Preliminary
Lemma 2.1 [4] Let w be a vertex of a nontrivial connected graph G, and for nonnegative integers p and q, let G(p, q) denote the graph obtained from G by attaching two pendant paths
Denote by G uv the graph obtained from graph G by contracting the edge uv, that is, deleting the edge uv and identifying the two vertices u and v.
Suppose uv is a cut-edge of connected graph G, but uv is not a pendant edge. Let u denote the vertex obtained from identifying u and v in G uv , and Fig. 2 
.1).
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3 Let G be a graph obtained by attaching two pendant paths of length k − 1 and k (k ≥ 2) respectively to a vertex of a nontrivial graph G ′ (see Fig. 2 .
2). Denote by
T the distance Perron vector of G, where x w corresponds to vertex w. Then we have x v 1 < x u 1 and
Noting that ̺(G) > 0 and
which contradicts x v 1 ≥ x u 1 . As a result, we have x v k < x u k . As above proof, by induction, we can prove that
Note that
and note that for 2 ≤ i ≤ k,
By induction, we have
Finally, noting that x v 1 < x u 1 , we get
and then
As above proof, by induction, we can prove that
T the distance Perron vector of T 1 (see Fig. 1.1) , where x w corresponds to vertex w.
If n ≥ 2k + 1, then we have
Proof. By symmetry, we have
By Lemma 2.3, we know that it is impossible. Then our claim holds. In particular, if k > 2, we can prove
Noting that x v i < x u i for i = 1, 2, . . ., k by Lemma 2.3, we have
Noting that
. ., k, and
we have
(k − i)x u i and
follows. This completes the proof. ✷ Fig. 3.1 ). X = (x 0 , x 1 , · · ·, x n−1 )
Extremal graphs
T is the Perron eigenvector corresponding to ̺(G), in which x i corresponds to v i . Let
Lemma 3.2
Of all the trees with n vertices and diameter d = 2k − 1 (k ≥ 2), the minimal distance spectral radius is obtained uniquely at T 1 .
Proof. This lemma is trivial for n = 2k.
If n = 2k + 1, suppose that 
T the distance Perron vector of T 1 , where x w corresponds to vertex w.
x v i . By Lemma 2.3, we see that S 1 > S 2 . By Lemma 3.1, we get that ̺(T ) ≥ ̺(T 1 ), with equality if and only if T ∼ = T 1 . Hence this lemma holds for n = 2k + 1.
Next we prove this lemma holds for the case that n ≥ 2k + 2. To prove this, we let T be a tree with n ≥ 2k + 2 vertices and diameter d = 2k − 1, and suppose that
We consider three cases as follows. 
Suppose that T a j for j = 1, 2, . . ., s (a j < k) are the nontrivial connected components containing v a j in T − E(P). It is easy to see that each T a j is a tree. Let T ′ be the graph obtained from T by transforming each T a j into a star S a j with center v a j (see Fig. 3 .
2). By Lemmas 2.1, 2.2, we get that ̺(T ) ≥ ̺(T ′ ) with equality if and only if
T the distance Perron vector of T 1 , where x w corresponds to vertex w. From T 1 to T ′ , we see that
(1) for each S a j , the distance between each vertex u i for 1 ≤ i ≤ k and each vertex in V (S a j )\{v a j } is increased by a j − 1;
(2) for each S a j , the distance between each vertex v i for 1 ≤ i ≤ k and each vertex in V (S a j )\{v a j } is decreased by at most a j − 1; (3) for each pair of S a i , S a j (i = j), the distance between each vertex in V (S a i )\{v a i } and each vertex in V (S a j )\{v a j } is increased by |a i − a j |; (4) the distance between each pair of vertices of D-path P is unchanged, and the distance between each pair of vertices in V (S a j )\{v a j } is unchanged.
but there exists at least two vertices in {u 1 , u 2 , . . ., u k−1 } with degree more than 2. Similar to Case 1, we can prove that ̺(T ) > ̺(T 1 ).
Case 3
Suppose that in T − E(P), T a j for j = 1, 2, . . ., r (a j < k) are the nontrivial connected components containing v a j , and T b j for j = 1, 2, . . ., t (b j < k) are the nontrivial connected components containing u b j . Clearly, each T a j and each T b j is a tree. We suppose that
′ be the graph obtained from T by transforming each T b j into a star S b j with center u b j , and transforming each T a j into a star S a j with center v a j respectively (see Fig. 3.3) . By Lemmas 2.1, 2.2, we get that ̺(T ) ≥ ̺(T ′ ) with equality if and only if
(2) for each S a j , the distance between each vertex v i for 1 ≤ i ≤ k and each vertex in V (S a j )\{v a j } is decreased by at most a j − 1; (3) for each S b j , the distance between each vertex v i for 1 ≤ i ≤ k and each vertex in
(4) for each S b j , the distance between each vertex u i for 1 ≤ i ≤ k and each vertex in V (S b j )\{u b j } is decreased by at most b j ; (5) for each pair of S a i , S a j (i = j), the distance between each vertex in V (S a i )\{v a i } and each vertex in V (S a j )\{v a j } is increased by |a i − a j |;
(6) for each pair of S a i , S b j , the distance between each vertex in V (S a i )\{v a i } and each vertex in V (S b j )\{u b j } is increased by |a i + b j − 1|; (7) the distance between each pair of vertices of the D-path P is unchanged, the distance between each pair of vertices in V (S a j )\{v a j } and the distance between each pair of vertices in V (S b j )\{u b j } are unchanged as well.
x v i , and let C a i = w∈V (Sa i )\{va i } x w for i = 1, 2, . . ., r, and let
x w for i = 1, 2, . . ., t. By Lemmas 2.3, 2.4, we know that S 1 > S 2 and
Hence for this case, we have ̺(T ) > ̺(T 1 ).
From the above three cases, we see that for a tree T with n ≥ 2k + 2 vertices and diameter d = 2k − 1, ̺(T ) ≥ ̺(T 1 ) with equality if and only if T ∼ = T 1 .
To sum up, we get that for a tree T with n vertices and diameter d = 2k − 1 (k ≥ 2), ̺(T ) ≥ ̺(T 1 ) with equality if and only if T ∼ = T 1 . This completes the proof. ✷Note that by symmetry, for any eigenvector X = {x u 1 , x u 2 , . . ., x u k , x v 0 , x v 1 , x v 2 , . . ., x v k , . . ., x v 2k+1 , . . ., x v n−1 } T corresponding to ̺(T 2 ), there must be x u i = x v i for 1 ≤ i ≤ k and x i i = x v j for 2k + 1 ≤ i < j ≤ n − 1. Similar to the proof of Lemma 3.2, we can prove the following lemma which has been shown in [2] and [12] . Lemma 3.3 [2] , [12] Of all the trees with n vertices and diameter d = 2k (k ≥ 1), the minimal distance spectral radius is obtained uniquely at T 2 .
Combining with Lemmas 3.2, 3.3, we get the following result. (ii) Of all the trees with n vertices and diameter d = 2k (k ≥ 1), the minimal distance spectral radius is obtained uniquely at T 2 .
